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Abstract
The postulation of a space curve is a classifying invariant which computes for any integer n
the dimension of the family of surfaces of degree n containing the curve. We prove that for any
integers d and g satisfying d−36 g6 2d−9, there exists a smooth connected curve of degree
d and genus g with the minimal postulation expected by the Riemann–Roch theorem.
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0. Introduction
The postulation of a space curve is an invariant which computes for any integer n
the dimension of the family of surfaces of degree n containing the curve. A curve X in
P3 is said to be of maximal rank if the restriction morphism rX (n) :H 0(P3;OP3 (n))→
H 0(X;OX (n)) is of maximal rank for any integer n, i.e. H 0(P3;IX (n)) = 0 or
H 1(P3;IX (n)) = 0. The dimension of the family of surfaces of degree n¿ 0 con-
taining the curve is then minimal. The curve has the seminatural cohomology if at
most one Hi(P3;IX (n)) with i = 0; 1; 2 is nonzero for any integer n. Let us de@ne
Range FW=
{
(d; g)=∃n¿ 0 satisfying 06 g6F(d; n) := nd+ 1−
(
n+ 3
3
)}
:
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We are interested in the following conjecture:
Let (d; g) be in the Range FW . Then there exists a smooth connected curve X of
degree d and genus g with seminatural cohomology and normal bundle satisfying
the condition H 1(NX (−1)) = 0.
We may note that this range is characteristic in the sense that it is the set of (d; g)
such that there exists a smooth connected curve X of degree d and genus g satisfying
H 1(NX (−1)) = 0 [5, Corollary 3.5 and Theorem 5.6]. This condition means that the
morphism between universal families which sends a curve to its plane section is smooth
at [X ]. In particular, we can deform X such that its intersection with a plane meeting
it transversally becomes generic in the plane. This conjecture solves the problem of
maximal genus in the Range A [9].
We can divide the range in sectors: F(d; n − 1)6 g6F(d; n), with n¿ 1. The
conjecture is true in the @rst sector n = 1, i.e. 06 g6d − 3; Hirschowitz showed it
for rational curves in 1981 [11], Ballico and Ellia for nonspecial curves in 1985 [1].
We handle the sector n=2, i.e. d−36 g6 2d−9, and we prove the following result
which completes this of Ballico and Ellia [2] (they studied the case g6 43d− 4):
Theorem 0.1. Let d and g be integers such that d−36 g6 2d−9. Then there exists
a smooth connected curve X of degree d and genus g with seminatural cohomology
and satisfying H 1(NX (−1)) = 0.
The proof uses the inductive method expanded by Hirschowitz [11], called Horace’s
method, and several criteria for smoothing curves.
We work over an algebraically closed @eld. In the @rst section we brieIy recall
smoothing theory of nodal curves using elementary transformations of normal sheaves.
In the second section we de@ne for any (d; g) with d− 36 g6 2d− 9 the irreducible
component W (d; g) of the Hilbert scheme of curves of degree d and genus g in which
we work. Then the generic curve is smooth connected and satis@es the vanishing con-
dition of H 1(NX (−1)). So it remains to show that it has the seminatural cohomology,
which would prove the theorem. It will be done by semicontinuity. In the next section,
we give criterion for a curve to lie in a W (d; g): if X lies in W (d; g) and L is an
s-secant line to X with s = 2 or 3, then X ∪ L lies in W (d + 1; g + s − 1). To prove
this, we de@ne the pointed trisecant scheme of a nodal curve, and via a monodromy
argument we show:
Corollary 3.7. The pointed trisecant scheme of a general nonspecial curve; or a gen-
eral curve in any W (d; g) with d− 36 g6 2d− 9; is integral.
This result gives us the desired criterion of lying in W (d; g):
Lemma 3.8. Let Y0 be a curve of degree d0 and genus g0; either nonspecial non-
degenerate; or lying in W (d0; g0) if d0 − 36 g06 2d0 − 9. Let L1; : : : ; Lr be lines in
P3 such that Li is a proper si-secant line of Yi−1 :=Y0 ∪ L1 ∪ · · · ∪ Li−1 with si = 2
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or 3. Suppose that the curves Yi are either in the sector 06 g6d − 3; or in the
sector d− 36 g6 2d− 9. Then Yr lies in a component of the Hilbert scheme which:
(i) contains nonspecial nondegenerate curves if 06 g6d− 3;
(ii) is a W (d; g) if d− 36 g6 2d− 9.
So, when we add 2- and 3-secant lines to a curve lying in one of our components, we
obtain a curve in one of our components. Note that Gruson has conjectured that the
open H (d; g) of smooth connected curves of degree d and genus g in P3 is irreducible if
g6 2d−9. After, in order to apply Horace’s method with a smooth quadric surface, we
study the partial intersection of a general curve in W (d; g) with a quadric, calculating
the dimension of the space H 1(N(−2)). We prove:
Proposition 4.1. Let d and g be integers such that d − 36 g6 2d − 9; and X the
generic curve of W (d; g). Suppose that (d; g) =(7; 5); (8; 7); (9; 9). Let L1; L2 and L3
be; respectively; generic s1-; s2- and s3-secant lines of X ; with 06 si6 3 and s1 =0.
Let Q be the unique smooth quadric surface containing the Li. Then [X ∩ (Q−∪Li)]
is generic in Hilb2d−
∑
siQ.
Finally we de@ne inductive hypotheses and we prove Theorem 0.1 with these hypothe-
ses.
1. Smoothing curves
Let X be a space curve of degree d and genus g, with ideal sheaf IX . We note [X ]
the point of HilbP3 corresponding to X . The @rst-order in@nitesimal deformations of X
are parametrized by H 0(NX ) where NX :=Hom(IX ;OX ) is the normal sheaf of X .
The obstructions to lifting in@nitesimal deformations lie in H 1(NX ). So if H 1(NX )= 0
and X is a local complete intersection, [X ] is a smooth point of HilbP3 with tangent
space H 0(NX ), and the dimension of HilbP3 at [X ] is h0(NX ) = (NX ) = 4d.
A curve X is smoothable if there exists an irreducible Iat family of curves Xt in P3
whose general member Xt is smooth and special member X0 is isomorphic to X . If X
is connected, Xt is also connected and therefore irreducible. The curve X is strongly
smoothable if, moreover, the basis and the total space of the family Xt can be chosen
smooth.
The local @rst-order in@nitesimal deformations of the singularities of X are para-
metrized by the coherent sheaf T1X , de@ned as the cokernel of the morphism
TP3 ⊗ OX →NX :
T1X is supported at Sing(X ). A deformation ∈H 0(NX ) will smooth X if its image
in T1X corresponds to a smoothing of X at each point. If X is nodal, so local complete
intersection, its normal sheaf is locally free of rank 2 and T1X has length 1 at any
node; in this case, an element of T1X nonzero at a node corresponds to a smoothing
of the node.
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Proposition 1.1 (Hartshorne and Hirschowitz [10], Proposition 1.1). Let X be a nodal
curve in P3. Assume that H 1(NX ) = 0; and that for each node P; the natural map
H 0(NX )→ H 0(T1X |P) is surjective. Then HilbP3 is smooth at [X ] and X is strongly
smoothable.
Corollary 1.2. Let X be a nodal curve in P3. If H 1(NX (−1)) = 0; then HilbP3 is
smooth at [X ] and X is strongly smoothable.
Proof. Since H 1(NX (−1))=0; the sheaf NX is 0-regular in the sense of [12; p. 99];
so H 1(NX ) = 0; and global sections of NX generate NX and its quotient T1X .
We de@ne now elementary transformations of a locally free sheaf, which allow to
give criterion of smoothing nodal union of two curves (Proposition 1.6). Let C be an
abstract reduced projective curve,N a rank 2 locally free OC-module and  :P(N)→
C the projection. Let ! be a @nite set of closed points of P(N) projecting bijectively
onto a set of smooth points S of C; ! determines a @ltration
0 ⊆F! ⊆N|S
with F!|P of length 1 for each P ∈ S. Taking preimages under N → N|S gives
@ltration (1.1), then twisting by OC(S) gives @ltration (1.2)
N(−S) ⊆ elm−! (N) ⊆N; (1.1)
N ⊆ elm+!(N) ⊆N(S): (1.2)
The sheaves elm−! (N) and elm
+
!(N) are called, respectively, negative and positive el-
ementary transformations ofN at !. They are locally free of rank two with respective
degrees deg(N)− #(!) and deg(N) + #(!); they satisfy the following properties:
Properties 1.3 (Hartshorne and Hirschowitz [10]; Proposition 2.1).
(a) For each invertible sheaf L on C, we have: elm−! (N⊗L) = (elm−!N)⊗L;
elm+!(N⊗L) = (elm+!N)⊗L.
(b) (elm−!N) L= elm
+
!(N L).
Two subschemes X and Y of P3 are said to intersect transversally (respectively,
quasi transversally) at a point P if they are smooth at P and if the natural map of
TPX ⊕ TPY in TPP3 is surjective (respectively, of maximal rank). If C and D are two
curves which intersect quasi transversally, i.e. C ∩D is a @nite set of nodes of C ∪D,
then at every P ∈C ∩ D, TPD de@nes a normal direction to C at P.
Proposition 1.4 (Hartshorne and Hirschowitz [10], Corollary 3.2). Let C and D be
curves in P3 intersecting quasi transversally. Let S=C∩D; X=C∪D and $ ⊆ P(NC)
the set of normal directions induced by D. Let T1S=T
1
X |S . ThenNX |C ∼= elm+$ (NC)
and there is a natural exact sequence
0→NC →NX |C →T1S → 0:
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Proof. We only recall the proof of the second part. We have the exact sequences
TP3 |C →NC →T1C → 0;
TP3 |X →NX →T1X → 0:
Restricting the second sequence to C gives the following diagram:
TP3 |C −−−−−→ NC −−−−−→ T1C −−−−−→ 0∥∥∥∥∥


TP3 |C −−−−−→ NX |C −−−−−→ T1X |C −−−−−→ 0

Q −−−−−→ T1X |S
A diagram chase gives that the cokernel Q is equal to T1X |S .
When one of the curves lies in a nonsingular surface, we have the next proposition,
which is a version of [10, Proposition 3.3].
Proposition 1.5. Let C and D be curves in P3 intersecting quasi transversally in a
6nite set S; and let $ ⊆ P(NC) be the set of normal directions induced by D. Assume
that F is a smooth surface containing C. Let S1 ⊆ S be the subset of S of points at
which D is tangent to F; and S2 = S − S1 the complement where D is transversal to
F . Then there are two exact sequences
0→NC=F(S1)→ elm+$ (NC)→NF |C(S2)→ 0;
0→NC=F(−S2)→ elm−$ (NC)→NF |C(−S1)→ 0:
Proposition 1.6 (Hartshornne and Hirschowitz [10], Theorem 4.1). Let X be the nodal
union of two smooth curves C and D intersecting quasi transversally in a 6nite set
S. Let $ be the subset of P(NC) induced by D and % the subset of P(ND) induced
by C. Assume that
(i) For each point &∈$; H 1(C; elm+$−{&}NC) = 0;
(ii) H 1(D; elm−%ND) = 0.
Then H 1(NX ) = 0 and X is strongly smoothable.
Now we come to the deformation of curves satisfying some incidence conditions
with a set of @xed curves and points. Let Q1; : : : ; Qm be distinct points in P3, Y1; : : : ; Yn
be distinct integral curves in P3 and A = (a1; : : : ; an) an n-tuple of positive integers.
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A pointed curve with quasi transversal incidence data ((Qi)16i6m; (Yj)16j6n; A) is a
pointed curve (X; (Pjk)16j6n;16k6aj) such that:
(i) X is a reduced curve in P3;
(ii) the Qi are smooth points of X ;
(iii) the Pjk are distinct smooth points of X , distinct from the Qi;
(iv) ∀j, X and Yj intersect quasi transversally at the Pjk ;
(v) Pjk ∈ Yr if r = j.
The curves X and Yj may intersect at additional points. The associated normal direc-
tions to (X; (Pjk)) is the set ! ⊆ P(NX ) of the normal directions de@ned at each Pjk
by the curve Yj. A pointed curve (X; (Pjk)) with incidence data is smooth or nodal if
X is, respectively, smooth or nodal. It is smoothable if there exists an irreducible Iat
family of pointed curves with the same incidence data which smooths X .
Lemma 1.7 (Walter [16], Lemmas 2.2 and 2.3). Let Q1; : : : ; Qm; Y1; : : : ; Yn and A =
(a1; : : : ; an) be de6ned as before. Then there exists a 6ne moduli space QID((Qi);
(Yj); A) of pointed curves with quasi transversal incidence data ((Qi); (Yj); A). More-
over; if (X; (Pjk)) is such a curve with associated normal directions !; then the tan-
gent space to QID((Qi); (Yj); A) at [(X; (Pjk))] is H 0(elm−! NX (−
∑
Qi)); and the
obstruction space is H 1(elm−! NX (−
∑
Qi)). So if the obstruction space vanishes;
QID((Qi); (Yj); A) is smooth at [(X; (Pjk))].
We may generalize Propositions 1.1, 1.2 and 1.6. We give the result for the last two
ones.
Lemma 1.8 (Walter [16], Corollary 2.5). Let Q1; : : : ; Qm; Y1; : : : ; Yn and A=(a1; : : : ; an)
be as in Lemma 1.7. Assume that (X; (Pjk)) is a nodal pointed curve with quasi
transversal incidence data ((Qi); (Yj); A) and with associated normal directions !.
If H 1(elm−! NX (−
∑
Qi)(−1)) = 0; then (X; (Pjk)) is a strongly smoothable pointed
curve with incidence data ((Qi); (Yj); A).
Now we generalize Proposition 1.6. Let Q1; : : : ; Qm1+m2 be distinct points of P3,
Y1; : : : ; Yn distinct integral curves in P3, A and B n-tuples of positive integers. Suppose
that X is the union of two smooth curves C and D meeting quasi transversally such
that:
(i) (X; (Pjk)) is a curve with incidence data ((Q1; : : : ; Qm1+m2 ); (Yj); A+ B);
(ii) the points (Pjk) can be partitioned into two complementary subsets (P′jk) and (P
′′
jk)
such that (C; (P′jk)) and (D; (P
′′
jk)) are pointed curves with respective incidence data
((Q1; : : : ; Qm1 ); (Yj); A) and ((Qm1+1; : : : ; Qm1+m2 ); (Yj); B).
Let !1 and !2 be, respectively, the set of associated normal directions for (C; (P′jk))
and for (D; (P′′jk)). Let $ ⊆ P(NC) be the set of normal directions induced by D, and
% ⊆ P(ND) the set of normal directions induced by C.
Proposition 1.9 (Walter [16], Proposition 2.6). Under the previous hypotheses; we sup-
pose moreover:
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(i) For each point &∈$; H 1(C; elm+$−{&} elm−!1NC(−
∑m1
i=1 Qi)) = 0;
(ii) H 1(D; elm−% elm
−
!2ND(−
∑m1+m2
i=m1+1 Qi)) = 0.
Then H 1(elm−!1∪!2NX (−
∑m1+m2
i=1 Qi)) = 0 and (X; (Pjk)) is strongly smoothable.
2. De(nition of the components W (d; g)
A general curve C of degree 5 and genus 2 is of bidegree (3; 2) on a smooth quadric
Q. Then the curves of degree 5 and genus 2, their families of 2-secants lines and their
families of 3-secants lines move in an irreducible family. Moreover, the union of C
with a @nite number of general 2- or 3-secants is strongly smoothable and satis@es
H 1(N)=0 by Proposition 1.6. Indeed, let Li be the lines and D their (disjoint) union.
Then:
(i) H 1(NC) = 0, so for each point &∈$, H 1(C; elm+$−{&}NC) = 0;
(ii) ND = ⊕NLi , so elm−%ND = ⊕elm−%iNLi with %i the subset of P(NLi) induced
by C. If Li is 3-secant to C, the 3 normal directions are not coplanar. Let H be
a plane containing Li and exactly one normal direction. From Proposition 1.5 we
get the exact sequence: 0 → OLi(1)(−S2) → elm−%i(NLi) → OLi(1)(−S1) → 0.
Since #(S1) = 1 and #(S2)6 2, the @rst term and the last term of the sequence
have H 1 = 0, so the middle term does as well, and H 1(D; elm−%ND) = 0.
Suppose that d−36 g6 2d−9. Let X be the union of a general curve of degree 5
and genus 2 with 2d−g−8 general 2-secant lines and g−d+3 general 3-secant lines; X
is of degree d and genus g. The possible con@gurations for X form an irreducible family
of smooth points of the Hilbert scheme; then X de@nes an irreducible component of the
Hilbert scheme, independent of any choice of con@guration. We call this component
W (d; g). Since X is smoothable, W (d; g) is contained in the closure of the open set
H (d; g) of smooth connected curves of degree d and genus g. Moreover the generic
curve Y of W (d; g) satis@es the condition H 1(NY ) = 0, so W (d; g) is generically
reduced of dimension 4d. In order to prove Theorem 0.1, it remains to show that Y
has the seminatural cohomology and H 1(NY (−1)) = 0.
Now we give some cohomological properties of Y . For this, we begin with a van-
ishing condition for the cohomology of the union of a curve and a line.
Lemma 2.1. Let C and D be closed subschemes in Pn; i¿ 0 and t integers such that
Hi(IC(t)) = Hi−1(IC∩D;D(t)) = 0. Then Hi(IC∪D(t)) = 0.
Proof. This follows from the exact sequence 0→ IC∪D(t)→ IC(t)→ IC∩D;D(t)→
0 and its associated exact sequence of cohomology.
Corollary 2.2. Let C be a curve in P3 and D a disjoint union of lines Li si-secant
to C. Let t be an integer such that t6 si − 1 for all i. If H 1(IC(t)) = 0; then
H 1(IC∪D(t)) = 0.
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Proof. We have IC∩D;D(t) ∼= ⊕OLi(t − si); so H 0(IC∩D;D(t)) = 0 and the lemma
applies with i = 1.
Corollary 2.3. Let C be a curve in P3 and D a disjoint union of lines Li si-secant
to C. Let t be an integer such that t¿ si − 1 for all i. If H 1(OC(t)) = 0; then
H 1(OC∪D(t)) = 0.
Proof. H 1(IC∩D;D(t)) =⊕H 1(OLi(t − si)) = 0; so the lemma applies with i = 2.
Applications 2.4. Let (d; g) be integers such that d − 36 g6 2d − 9; and Y be the
generic curve of W (d; g). Then:
(a) H 1(IY (1)) = 0;
(b) H 2(IY (2)) ∼= H 1(OY (2)) = 0.
Proof. Let C be a general curve of degree 5 and genus 2; D be a union of general
2- or 3-secant lines to C; and X =C ∪D. Then H 1(IX (1)) = 0 by Corollary 2.2 with
t = 1; and H 1(OX (2)) = 0 by Corollary 2.3 with t = 2. Since Y specializes to X ; we
deduce by semicontinuity that H 1(IY (1)) = 0 and H 2(IY (2)) ∼= H 1(OY (2)) = 0.
For any integers d; g such that d− 36 g6 2d− 9, de@ne the critical value by
v(d; g) =
{
2 if (d; g) = (6; 3);
min{n¿ 3=(n; d; g)¿ 0} otherwise;
where (n; d; g) is the Hilbert polynomial of the ideal sheaf of a curve of degree d
and genus g. If X is such a curve, set vX = v(d; g).
Then we can reduce the problem with the following properties:
Y has the seminatural cohomology ⇔ Y is of maximal rank
⇔
H 0(IY (vY − 1)) = 0;
H 1(IY (vY )) = 0:
The second equivalence comes from the (vY +1)-regularity of the sheaf IY ([12, Lec-
ture 14]): if (d; g) =(6; 3), H 2(IY (vY −1))= 0 because vY −1¿ 2 and H 2(IY (2))= 0
(Application 2.4(b)). The @rst equivalence comes from the following lemma with N=2:
Lemma 2.5. Let X be a curve in P3 such that H 0(IX (N ))=H 1(IX (N − 1))= 0 for
some integer N . Then H 0(IX (n)) = H 1(IX (n− 1)) = 0 for any n6N .
Proof. It is suMcient to show H 0(IX (N − 1)) = 0 and H 1(IX (N − 2)) = 0. The
@rst vanishing is immediate. Let H be a plane tranverse to X ; and consider the exact
sequence
0→ IX (n− 1)→ IX (n)→ IX∩H;H (n)→ 0:
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From the long exact sequence of cohomology with n= N it follows that H 0(IX (N −
1))=0 and H 0(IX∩H;H (N ))=0. So H 1(IX (N −2)) ∼= H 0(IX∩H;H (N −1))=0 (from
the exact sequence of cohomology with n= N − 1).
So the following propositions prove Theorem 0.1 by semicontinuity:
Proposition 2.6. Let d and g be integers such that d − 36 g6 2d − 9. Then there
exists a curve X in W (d; g) such that H 1(NX (−1)) = 0.
Proposition 2.7. Let d and g be integers such that d − 36 g6 2d − 9; and set
v = v(d; g). Then there exist curves X0 and X1 in W (d; g) such that rX0 (v − 1) is
injective and rX1 (v) is surjective.
We will prove the @rst proposition in the next section, after the study of the pointed
trisecant scheme. Recall that there exist smooth connected curves of degree d and
genus g with H 1(N(−1)) = 0 for any (d; g) in the Range FW , in particular for the
sector 06 g6d−3 of nonspecial curves. So if g=d−3, since W (d; g) is the unique
component containing smooth curves [3], it contains curves such that H 1(N(−1))=0.
The second proposition will be proved in Section 5.3. It needs several steps. First
we give a criterion for a curve to lie in a W (d; g). After in order to apply Horace’s
method with a quadric surface we study the intersection of Y with a quadric; then
we de@ne the inductive hypotheses and we construct the curves X0 and X1 with these
hypotheses.
3. Criterion for a curve to lie in a W (d; g)
We will prove that the union of a curve in any of ours components with a set of 2-
or 3-secant lines is in one of ours components (Lemma 3.8). For this, we will de@ne
the pointed trisecant scheme of a general curve of W (d; g) and show that it is integral.
The idea is the following: for any point P of a curve X , there is a linear projection
qP : P˜
3 → P2 with center P, where P˜3 is the blowing up of P3 at P. Let X˜ be the
residual scheme of the total transform of X with respect to the exceptional divisor.
Then we want to de@ne the 3-secant lines to X passing through P as the singularities
of the plane curve qP(X˜ ) which do not come from the singularities of X . However we
must be careful when P is a node of X , or when P lies in line contained in X . We
begin by recalling the theorem of base change that we will use in the construction of
the trisecant scheme.
3.1. Base change
Let X be a separated noetherian scheme and f :VX → UX a projective X -morphism
between noetherian schemes which are projective over X . Let F and G be X -Iat
coherent sheaves of OVX -modules. Assume that F has @nite locally free resolution.
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We want to study the OUX -module:
Homf(F;G) :=f∗HomOVX (F;G)
and its derived sheaves Extif(F;G). Let Y → X be a base change. We have the
commutative diagram
VY
 −−−−−→ VX
fY

 f
UY
’−−−−−→ UX
gY

 g
Y 4−−−−−→ X
Proposition 3.1 (Grothendieck [6], Section 7). Let i be a 6xed integer. If Extifx
(Fx;Gx)= 0 for each point x in X ; then ExtifY ( 
∗F;  ∗G)= 0 and ’∗ Exti−1f (F;G)→
Exti−1fY ( 
∗F;  ∗G) is an isomorphism for any base change Y → X .
3.2. The trisecant scheme
Let X → R be a family of reduced curves of degree d and genus g in P3, with
X a smooth irreducible scheme in P3 × R. Suppose that the curves have only nodal
singularities. Let s :X → P3X = P3 × X be the canonical section of the projection
morphism p :P3X → X , and let  : P˜
3
X → P3X be the blowing up of P3X along the
closed subscheme s(X ); we de@ne X˜ X to be the residual scheme of  −1(X ×R X ) with
respect to the exceptional divisor. Let F :=Is(X );P3X (1). Since H
0(Fx) is a k(x)-vector
space of dimension 3 for any x in X , the sheaf E :=p∗F is locally free of rank 3
on X . Then P(E) is a projective plane bundle; over x = (P; r)∈X , we can see this
plane as the set of lines passing through P in P3. Let q : P˜3X → P(E) be the projection
morphism. We denote by OX X the image of X˜ X under q. So we have the following
diagram:
X ×R X
 _1(X ×R X)
XX
~ XX
X
q
q

p
 3X
~
 3X
(E)
(3.1)
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Then X˜ X → X is a Iat family of curves of degree d and genus g, and OX X → X is a
family of planes curves of degree d− 1. Let J be the cokernel of
OP(E) → q∗OX˜ X → J→ 0: (3.2)
From now on we suppose that the sheaf Jx has @nite support for any x in X .
Lemma 3.2. ∀i¿ 0; Ri(q∗OX˜ X ) = 0.
Proof. According to Proposition 3.1; it is suMcient to show that Ri(qx)∗OX˜ x = 0 for
any x in X ; with qx : X˜ x → P2. Since X˜ x is one dimensional; Ri(qx)∗OX˜ x = 0 for
i¿ 1. It remains to show that R1(qx)∗OX˜ x = 0. Let P be a point in P
2 and de@ne
Xn := X˜ x ×P2 Spec(OP2 ;P=mnP) for n¿ 1. If q−1x (P) is @nite; Xn has @nite support; so
H 1(Xn;OXn)=0. If q
−1
x (P) is a line; consider the surjective morphism OXn  OX1 with
kernel K; H 1(K) = 0 because the support of K lies in the intersection of q−1x (P)
with the other components of X˜ x; while H 1(OX1 ) = 0 because X1 = q
−1
x (P) is a line.
Hence H 1(Xn;OXn) = 0. Then we apply Theorem 11.1 of [8; Chapter III] to prove the
vanishing of R1(qx)∗OX˜ x .
Corollary 3.3. Then we have:
(i) ∀x∈X; (q∗OX˜ X )x = (qx)∗(OX˜ x) with qx : X˜ x → P2;
(ii) q∗OX˜ X is 9at on X ;
(iii) q∗OX˜ X commutes under base change.
Lemma 3.4. The diagram (3.1) is commutative under base change S → R.
Proof. Let Y :=X ×R S; then we have
Y
Y
X
3 X
3
pY pX s


The canonical section s of P3X → X induces a section of P3Y → Y which corresponds
to the canonical section; so the morphism P˜3Y → P˜
3
X ×R S is an isomorphism. We
get FY =  ∗FX and pY∗( ∗FX ) = ’∗(pX∗FX ). Hence EY = ’∗EX and P(EY ) =
P(EX )×R S. It remains to show that OX X commutes under base change. By reduction
of the sequence (3.2) to the @bers and Corollary 3.3(i) we get for x∈X the exact
sequence
OP2 → (qx)∗(OX˜ x)→ Jx → 0:
So Supp(Jx) lies in the singularities of qx(X˜ x); its length is pa(qx(X˜ x)) − pa(X˜ x) =
(d−22 )−g; and J is Iat on X . Moreover q∗OX˜ X commutes under base change (Corollary
3.3(iii)). Hence OX X = q(X˜ X ) commutes with base change.
264 T. Le Tat / Journal of Pure and Applied Algebra 177 (2003) 253–285
Using the short exact sequence 0 → O OX X → q∗OX˜ X → J → 0, we get by duality
the long exact sequence of sheaves of O OX X -modules
0 → Hom(J;O OX X ) → Hom(q∗OX˜ X ;O OX X ) → Hom(O OX X ;O OX X ) →
→ Ext1(J;O OX X ) → Ext1(q∗OX˜ X ;O OX X ) → : : :
Let D(J) :=Ext1(J;O OX X ). Then:
• Hom(J;O OX X ) = 0. This follows from Proposition 3.1. Indeed Hom(Jx;O OX x) = 0
for any x∈X because O OX x has no torsion in codimension ¿ 0 while the support of
Jx has codimension 1.
• Hom(O OX X ;O OX X ) = O OX X .• Ext1(q∗OX˜ X ;O OX X )= 0. By Proposition 3.1, it is suMcient to show it for @bers of the
family OX X . From Corollary 3.3(i), Ext1((q∗OX˜ X )x; (O OX X )x) = Ext
1((qx)∗OX˜ x ;O OX x) if
x∈X . The stalk of this sheaf at a point P ∈ OX x is Ext1A(M;A) with A=O OX x;P and
M=((qx)∗OX˜ x)P . Since (A;m) is a Gorenstein local ring of dimension 1, we get from
[7, Proposition 6.3] an isomorphism Ext1A(M;A)ˆ→ Hom(H 0m(M); H 1m(A)). Now M
has no torsion, so H 0m(M)= 0 and Ext
1
A(M;A)= 0. Hence Ext
1((q∗OX˜ X )x; (O OX X )x)=0
for any x in X .
Then we get the short exact sequence on OX X :
0→Hom(q∗OX˜ X ;O OX X )→ O OX X → D(J)→ 0:
De(nition. The sheaf D(J) de@nes a closed subscheme T of OX X ; with a @nite R-
morphism f :T → X of degree (d−22 )− g; we call it the pointed trisecant scheme of
the family X → R. The @ber of f at a point (P; r) of X represents the set of trisecant
lines to Xr passing through the point P.
Consider the @nite morphism fr :Tr → Xr for r ∈R, and suppose that Xr is smooth
connected. Then Tr is integral if and only if the monodromy of fr is transitive. If P
is the generic point of Xr , OX (P;r) has (
d−2
2 )− g nodes for only singularities, and each
of these nodes represents a 3-secant line of Xr passing through P.
Now we show by a monodromy argument that if the trisecant scheme of a smooth
curve is irreducible, and if the union of this curve with an s-secant line is smoothable
(s = 1, 2, or 3), then the trisecant scheme of the smoothing is also irreducible. The
results about monodromy can be found in [15, Section 2.3, p. 309].
Lemma 3.5. Let C be a smooth connected curve in P3 satisfying the following prop-
erties:
(i) the pointed trisecant scheme PTri(C) of C is empty or integral of dimension 1;
(ii) for j=1; 2 or 3; if Mj is the generic j-secant of C; then the monodromy group of
the linear projection  Mj |C :C → P1 with center Mj is the full symmetric group.
Let i=1; 2 or 3; and X → R an irreducible family of reduced curves in P3 of degree
d and genus g with smooth connected generic 6ber X and special 6ber X0 =C ∪Mi.
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Suppose that X is smooth; and that the curves Xr do not contain plane component
of degree ¿ 3. If i = 3; we require one of the two conditions:
• either d= i + 2 = 5;
• or g6 (d−32 ).
Then X also satis6es the properties (i) and (ii).
Proof. Let P be a point of C ∩Mi; and Q1; Q2 and Q the respective generic points of
C; Mi and X; P is a specialization of Q1 and Q2 which are themselves specializations
of Q. If f is the R-morphism T → X ; we denote by G; G1; G2 and H the respective
monodromy groups of f−1(P; 0); f−1(Q1; 0); f−1(Q2; 0) and f−1(Q; ). Suppose that
T is no empty. We show that T is integral of dimension 1 by showing that H acts
transitively on f−1(Q; ). For this; we study its subgroups G1 and G2; and we compare
them by their common specialization G.
We look @rst at G. When we blow up X0 = C ∪Mi at P, the total transform is the
union of the strict transform C˜ of C, the strict transform M˜ i of Mi, the exceptional
divisor E and the line L which corresponds to the tangent plane TPX0. So X˜ (P;0),
residual of the total transform with respect to E, is the union of C˜, M˜ i, and L. Then
OX (P;0) is the union of the plane curve q(C˜) of degree d − 2 with the line q(L). The
i singularities of X0 correspond to i of the intersection points of the two components
q(C˜) and q(L) of OX (P;0) (counted with multiplicity). The points of f−1(P; 0) can be
split into three parts:
(A) the remaining intersection points of the two components, which correspond to the
lines contained in TPX0 and passing through a second point of C; there are d−2−i
of them.
(B) the nodes of q(C˜) excluding q(M˜ i) (which is a node only when i=3). These
points correspond to the 3-secants of C passing through P, there are (d−32 )− (g−
i + 1)− &i3 of them.
(C) q(M˜ i) if i = 3, ∅ otherwise.
e.g. i = 3:
M3
M3
P
C
C~
E
L

blowing up
at P
q
2 q(M3)~
q(C )
q(L)
~
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When we pass to f−1(Q1; 0), (B) and (C) combine to give the subset h−1(Q1) where
h :PTri(C) → C; they correspond to the 3-secants of C through Q1. From hypothesis
(i), it follows that G1 is transitive on (B) ∪ (C). On the other hand, when we pass to
f−1(Q2; 0), (A) and (B) combine to give the set of 2-secants of C passing through
Q2. We want to show that G2 is transitive on (A) ∪ (B); we denote by V the scheme
of 2-secants to C which intersect Mi. The linear projection  Mi |C :C → P1 induces a
morphism  ˜i :V → P1 whose @bers are  ˜−1i (x) = {y + z=y∈  −1Mi (x), z ∈  −1Mi (x)}. By
assumption, the monodromy of  Mi |C is Sd−1−i; in particular, it is 2-transitive, so the
monodromy of  ˜i is transitive and V is integral. Since (A) ∪ (B) is the generic @ber
of V → Mi, the monodromy at (Q2; 0) is transitive on (A) ∪ (B). So we have proved
that H contains a subgroup G1 transitive on (B) ∪ (C), and a subgroup G2 transitive
on (A)∪ (B); then H acts transitively on f−1(Q; ) if one of the following conditions
is satis@ed:
• either (A) is empty, i.e. i = d− 2;
• or (C) is empty, i.e. i6 2;
• or (B) is not empty, i.e. g6 (d−32−1 ) if i = 1, g6 (d−32 ) otherwise.
It remains to show condition (ii). Since (i) is true, the j-secants of X form an irre-
ducible family for j = 1, 2 or 3; so it is meaningful to speak of a generic j-secant
Mj of X. When X specializes to X0, Mj can specialize to the generic line in any
component of the locus of j-secant lines of X0, for instance to the generic j-secant Mj
of C. Thus we are in the situation of the next lemma, which implies (ii) for X.
Lemma 3.6. Suppose X → R is an irreducible family of curves in P3 of degree d
with smooth connected generic 6ber X and special 6ber X0 = C ∪ L; where C is a
nonsingular curve; L a quasi transverse line; and C∩L su:ciently general. Let M → R
be a family of lines such that: (i) L and M0 are disjoint; (ii) C and M0 intersect quasi
transversally in the same number of points than X and M. If the monodromy group
of the linear projection  M0 |C :C → P1 is Sn−1; with n = d − #(C ∩ M0); then the
monodromy group of  M |X :X → P1 is Sn.
Proof. Since X is irreducible; the monodromy on the generic @ber of  M |X is transi-
tive; moreover; it contains the monodromy of its specialization  M0 |X0 which contains
itself the monodromy of its component C; i.e. the subgroup Sn−1. So the monodromy
group of  M |X is Sn.
Corollary 3.7. The pointed trisecant scheme of a general nonspecial curve; or a gen-
eral curve in any W (d; g) with d− 36 g6 2d− 9; is integral.
Proof. We begin with nonspecial curves. A twisted cubic X satis@es conditions of
Lemma 3.5: (i) its trisecant scheme is empty; (ii) the projection of X from an 1-secant
line is a double cover of P1 with monodromy S2; and the projection of X from a
2-secant line is an isomorphism onto P1. Using Lemma 3.5 to add 1- and 2-secants;
we see that a general curve of degree d and genus g; with 06 g6d− 3; has integral
trisecant scheme.
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We pass now to the sector d − 3¡g6 2d − 9. Let X be the generic curve of
W (d; g). Then X can specialize to X1 ∪ L1, with X1 a smooth connected curve of
W (d − 1; g − 2) and L1 a 3-secant line to X1. Indeed, by de@nition, X specializes to
C ∪ Z ∪ Lx ∪ · · · ∪ L1 with C a general curve of degree 5 and genus 2, Z the union of
2d−g−8 general 2-secant lines to C, and Lk , 16 k6 x=g−d+3, a general 3-secant
line to C. Let Ck :=C∪Z ∪Lx∪· · ·∪Lk+1. Note that Ck is a curve of W (d−k; g−2k).
Now (C1; (C1 ∩ L1)) is a pointed curve with incidence data (∅; L1; 3), which satis@es
the conditions of Proposition 1.9 (with D = Z ∪ Lx ∪ · · · ∪ L2):
(i) For each point &∈$, H 1(C; elm+$−{&} elm−!1NC) = 0. Indeed, H 1(NC(−1)) = 0
(since C is a general nonspecial curve) and !1 are the coplanar normal directions
induced by L1, so NC(−1) ⊆ elm−!1NC ⊆ elm+$−{&} elm−!1NC with @nite-length
quotients.
(ii) H 1(D; elm−% ND) = 0 as we have seen it above, in the @rst paragraph of Section
2.
Then (C1; (C1∩L1)) is smoothable to a curve (X1; (X1∩L1)) with same incidence data.
Moreover, X1 is in W (d− 1; g− 2) and X1 ∪L1 in W (d; g) because [C1] and [C1 ∪L1]
are respectively smooth points of W (d− 1; g− 2) and W (d; g).
Now X1 is a smoothing of C1 =C2 ∪L2, and for the same reasons as above, we can
smooth C2 to a curve X2 in W (d− 2; g − 4) such that L2 is 3-secant to X2. Then X1
specializes to X2∪L2. Repeating this, we have proved that X specializes to X1∪L1, X1
specializes to X2∪L2, X2 to X3∪L3, and so on until Xx−1 which specializes to Xx∪Lx; for
any 16 k6 x, Xk is a smooth connected curve in W (d− k; g− 2k), and Lk a 3-secant
line to Xk . The last curve Xx is nonspecial since d(Xx)=d−x=(g−x+3)−x= g(Xx)+3.
Moreover all the curves Xk lie in the sector d− 36 g6 2d− 9 and we always have
2d − 96 (d−32 ). So we can apply Lemma 3.5 with i = 3 for each curve, beginning
with Xx: the trisecant scheme is integral.
Now we can prove:
Proposition 2.6. Let d and g be integers such that d − 36 g6 2d − 9. Then there
exists a curve X in W (d; g) such that H 1(NX (−1)) = 0.
Proof. Walter has constructed for any (d; g) in the Range FW a smooth connected
curve of degree d and genus g with H 1(N(−1)) = 0 [16]. We will show that these
curves are in our components; after having recalled the construction of the curves.
Let X be the generic curve of W (6; 3), and L1 a generic 3-secant line to X , which
is meaningful by Corollary 3.7. Let H be a general plane containing L1 such that X is
transversal to H . Let L2 be a line in H passing through 2 points of X ∩ (H −L1), and
L3 a general line passing through the last point of X ∩(H−L1). Then (X; (X ∩H)) is a
smooth pointed curve with incidence data (∅; (L1; L2; L3); (3; 2; 1)) and associated normal
directions ! ⊆ P(NX ). Moreover H 1(elm−!NX (−1))=0 (the normal directions ! are
coplanar, soNX (−2) ⊆ elm−!NX (−1) with a @nite-length quotient, and the vanishing
H 1(NX (−2)) = 0 follows from [4, Proposition 2]). Let L4 be a line of H in general
linear position with respect to L1, L2 and L3. Then (X ∪L1; ((X ∪L1)∩ (L2∪L3∪L4)))
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is a pointed curve with incidence data (∅; (L2; L3; L4); (3; 2; 1)) and associated normal
directions =. Let =1 and =2 be the subsets of = lying, respectively, over X and over
L1. Tensoring the exact sequence
0→ OX (−(X ∩ L1))→ OX∪L1 → OL1 → 0
with elm−=NX∪L1 (−1) gives the exact sequence
0→ elm−=1NX∪L1 |X (−1)(−(X ∩ L1))→ elm−=NX∪L1 (−1)
→ elm−=2NX∪L1 |L1 (−1)→ 0:
According to Proposition 1.4,NX∪L1 |X (−(X∩L1)) ∼= elm+$NX (−(X∩L1)) ∼= elm−$NX
and NX∪L1 |L1 ∼= elm+%NL1 where $ ⊆ P(NX ) is induced by L1 and % ⊆ P(NL1 ) is
induced by X . Moreover =1 ∪ $= !. So we have the exact sequence
0→ elm−!NX (−1)→ elm−=NX∪L1 (−1)→ elm+%elm−=2NL1 (−1)→ 0:
We have shown that the @rst term has H 1 = 0. The last term has H 1 = 0, it suMces to
consider the exact sequence given by Proposition 1.5 (the normal directions of =2 lie
in H , those of % lie out H , and #(=2) = #(%) = 3):
0→ OL1 → elm+%elm−=2NL1 (−1)→ OL1 → 0:
So H 1(elm−=NX∪L1 (−1)) = 0. By Lemma 1.8, (X ∪ L1; ((X ∪ L1)∩ (L2 ∪ L3 ∪ L4))) is
smoothable with incidence data (∅; (L2; L3; L4); (3; 2; 1)).
Let x = g − d − 3 and y = 2d − 9 − g. We have added a 3-secant line to X and
smoothed the union to obtain a curve X1. We could have added the 2-secant line L2 and
smoothed X ∪L2 with incidence data (∅; (L1; L3; L4); (3; 2; 1)) (in this case we forget the
point L1 ∩ L2 and we smooth such that L1 is 3-secant). Now we add a 2- or 3-secant
line to X1 and smooth the union to a curve X2, and we repeat this until that we have
added x 3-secant lines and y 2-secant lines. So we obtain smooth connected curves
Xk , 16 k6 x + y, which satisfy H 1(elm−!kNXk (−1)) = 0 for some !k , and so also
H 1(NXk (−1)) = 0.
The curve Xx+y has degree d and genus g. It remains to show that it lies in W (d; g).
It suMces to show that if Y is a smooth curve in one of our components, and L a 2- or
3-secant line to Y , then Y ∪L is also in one of our components: since X is in W (6; 3),
all the Xk will be in the good components. So suppose that Y is a smooth curve in
one of our components and L an s-secant line to C, s = 2 or 3. When we replace Y
by the generic curve Y 0 of the component, we can replace L by a generic s-secant L0.
Indeed, if s = 2, the 2 intersection points generize and de@ne L0; if s = 3, since Y is
smooth (so nondegenerate), the trisecant locus of Y is one dimensional at [L], then L0
exists. The curve Y 0 specializes to the union Z of a smooth curve C of bidegree (3,2)
on a smooth quadric with some number of disjoint 2- and 3-secant lines of C. Then L0
can specialize to a general member of any component of the locus of s-secant lines of
Z , in particular to a line M , s-secant to C, and disjoint from the linear components of
Z . So Y 0 ∪L0 specializes to Z ∪M which lies in one of our components by de@nition.
Hence Y 0 ∪ L0, and so also Y ∪ L, lie in this component because [Z ∪M ] is a smooth
point of the Hilbert scheme.
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Lemma 3.8. Let Y0 be a curve of degree d0 and genus g0; either nonspecial nonde-
generate; or lying in W (d0; g0) if d0− 36 g06 2d0− 9. Let L1; : : : ; Lr be lines in P3
such that Li is a proper si-secant line of Yi−1 :=Y0 ∪ L1 ∪ · · · ∪ Li−1 with si = 2 or
3. Suppose that the curves Yi are either in the sector 06 g6d− 3; or in the sector
d− 36 g6 2d− 9. Then Yr lies in a component of the Hilbert scheme which:
(i) contains nonspecial nondegenerate curves if 06 g6d− 3,
(ii) is a W (d; g) if d− 36 g6 2d− 9.
Remark. The only other possibility is that the curves Yi are on the line g = 2d − 8.
In this case Yi lies in a component of the Hilbert scheme which contains curves of
bidegree (3; d− 3) on a smooth quadric surface.
Proof. We begin with the case Y0 in the component W (d0; g0) and we prove by
induction on i that Yr lies in W (d; g). So suppose that:
• Yi−1 lies in the component W (di−1; gi−1);
• when we replace Yi−1 by the generic curve Y 0i−1 of this component; we can replace
the lines Lj (i6 j6 r) by generizations L0j which are sj-secant to Y
0
i−1 ∪ L0i ∪ · · · ∪
L0j−1. More precisely; L
0
j intersects L
0
k if and only if Lj intersects Lk (i6 k6 j−1).
We want to show: (1) Y 0i−1∪L0i lies in W (di; gi) (so Yi also lies in W (di; gi)); (2) when
we replace Y 0i−1 ∪ L0i by the generic curve Y 1i of this component; we can replace the
lines L0j (i+16 j6 r) by generizations L
1
j which are sj-secant to Y
1
i ∪L1i+1∪· · ·∪L1j−1.
These assertions prove the lemma when Y0 lies in W (d0; g0). The condition (1) has
been shown in the previous proof.
Now we prove condition (2) by induction on j. Assume that L1i+1; : : : ; L
1
j−1 exist. If
sj = 2, the two intersection points generize and de@ne L1j . So we suppose that sj = 3.
If the trisecant locus of Y 0i−1 ∪ L0i ∪ · · · ∪ L0j−1 is one dimensional at [L0j ], then L1j
exists. If it is of dimension 2 at [L0j ], there are integers i6 i1 ¡i2 ¡i3 ¡j such that
L0i1 ; L
0
i2 ; L
0
i3 and L
0
j are coplanar. If i1 ¿i, then L
1
i1 ; L
1
i2 and L
1
i3 remain coplanar and we
can choose for L1j a generic line in this plane. Suppose i1 = i. Then it is suMcient to
show that Y 0i−1 ∪ L0i is smoothable in a family which conserves incidences with the
lines L0i2 ; L
0
i3 and L
0
j . More precisely, if L
0
i2 (respectively, L
0
i3 ) is s˜i2 -secant (respectively,
s˜i3 -secant) to Y
0
i−1, we want that L
0
i2 (respectively, L
0
i3 ) be (s˜i2 +1)-secant (respectively,
(s˜i3 + 1)-secant) to the general member Z of this family and that L
0
j be 1-secant to
Z . Thus L0j is 3-secant to Z ∪ L0i2 ∪ L0i3 and the trisecant locus of Z ∪ L0i2 ∪ L0i3 is one
dimensional at [L0j ]: when we generize Z to Y
1
i , L
0
i2 to L
1
i2 and L
0
i3 to L
1
i3 , we can
generize L0j to a line L
1
j 3-secant to Y
1
i ∪L1i2 ∪L1i3 which do not intersect the other lines
L1k , i.e. L
1
j is 3-secant to Y
1
i ∪ L1i+1 ∪ · · · ∪ L1j−1. So it remains to show that Y 0i−1 ∪ L0i
is smoothable with incidence data (∅; (L0i2 ; L0i3 ; L0j ); (s˜i2 + 1; s˜i3 + 1; 1)). Conditions of
Proposition 1.9 are satis@ed, with C = L0i and D = Y
0
i−1:
(i) ∀&∈$, H 1(elm+$−{&} elm−!1NL0i ) = 0. Indeed, since L0i is contained in the plane
H de@ned by L0i2 ; L
0
i3 ; L
0
j , we get the exact sequence given by Proposition 1.5:
0→NL0i =H → elm+$−{&}elm−!1NL0i →NH |L0i (S2 − S1)→ 0;
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where S1 corresponds to !1 and S2 to $−{&}; we have H 1(NL0i =H )=H 1(OL0i (1))
= 0 and H 1(NH |L0i (S2−S1))=H 1(OL0i (1)(S2−S1))=H 1(OL0i (1+(si−1)−3))=0
because si = 2 or 3. So the middle term has H 1 = 0.
(ii) H 1(elm−% elm
−
!2NY 0i−1 ) = 0. Indeed, H
1(NY 0i−1 (−1))= 0 because Y 0i−1 is the generic
curve of the componentW (di−1; gi−1), and we haveNY 0i−1 (−1) ⊆ elm
−
% elm
−
!2NY 0i−1 .
Then the curve Y 0i−1 ∪ L0i is smoothable with these incidence data.
Now suppose Y0 nonspecial nondegenerate. If Yr is in the sector 06 g6d−3, then
Yr lies in the component of the Hilbert scheme which contains nonspecial curves of
degree d and genus g because it is the only component containing smooth curves [3]
and Yr is smoothable. If g¿d−3, then one of the intermediate curves Yi must satisfy
gi = di − 3¿ 3, so it lies in the component W (di; gi) and we reduce to the case when
the @rst curve is in one of our components.
Corollary 3.9. If d − 36 g6 2d − 9; then the component W (d; g) of the Hilbert
scheme has the expected number of moduli: it is generically reduced of dimension 4d
and its image in the moduli space Mg of abstract curves of genus g is of dimension
min(4d− 15; 3g− 3).
Proof. The components W (d; g) are the components described by Ballico and Ellia in
[2]. So they have the expected number of moduli [2; Prop I.8]).
4. Intersection with the quadric
In this section, we study the intersection of a general curve in a component W (d; g)
with a smooth quadric surface. More precisely, we want to prove the following result:
Proposition 4.1. Let d and g be integers such that d − 36 g6 2d − 9; and X the
generic curve of W (d; g). Suppose that (d; g) =(7; 5); (8; 7); (9; 9). Let L1; L2 and L3
be; respectively; generic s1-; s2- and s3-secant lines of X ; with 06 si6 3 and s1 =0.
Let Q be the unique smooth quadric surface containing the Li. Then [X ∩ (Q−∪Li)]
is generic in Hilb2d−
∑
siQ.
We will use this proposition in the proof of the inductive hypotheses to show that
the intersection points of the curve with the quadric impose independent conditions to
curves of @xed bidegree. The proposition is proved with the calculus of the dimension
of H 1(NX (−2)). For example, if H 1(NX (−2)) = 0, consider the map [C]∈U →
[C ∩ Q]∈Hilb 2dQ, where U is the open set of curves of degree d and genus g not
contained in Q. The map on tangent spaces at [X ] is given by H 0(>) in the exact
sequence
0→NX (−2)→NX >→NX |X∩Q → 0:
Then H 0(>) is surjective, so the map is smooth at [X ] and therefore dominant.
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Lemma 4.2. Let (d; g) =(7; 5); (8; 7); (9; 9) such that d − 36 g6 2d − 9. If X is a
general curve in W (d; g); then h1(NX (−2))6 1.
Lemma 4.3. Let X be a smooth curve with h1(NX (−2))6 1; 4 a general normal
direction of X ; and != {4}. Then H 1(elm+!(NX )(−2))=0 and 4 may be de6ned by
a su:ciently general 2- or 3-secant line of X .
Proof. If h1(NX (−2))= 0; we choose any direction 4 and we get h1(elm+!(NX )(−2))
= 0. Suppose that h1(NX (−2)) = 1; so h0(NX (−2)) = 1 because (NX (−2)) = 0.
The line bundle O(1) on P(NX (−2)) then has an unique nonzero section which
vanishes on a divisor D. If 4 ∈ D; then H 0(elm−!NX (−2)) = 0; and by Serre du-
ality H 1(elm+!NX (−2)) = 0. Moreover the divisor D is the union of a section of
 :P(NX (−2)) → X with some @bers of  . Then over a general point of X ; D con-
tains only one direction; and 4 can be de@ned by a general 2- or 3-secant line of X
(we can avoid the normal direction contained in D).
Proof of Proposition 4.1. Let ! be the set of normal directions of X de@ned by the
lines Li; and D the divisor on X de@ned by Q − ∪Li. According to Lemma 1.7; the
scheme QID(∅; (L1; L2; L3); (s1; s2; s3)); which parametrizes curves such that the Li are
si-secant lines; has; respectively; for tangent and obstruction spaces at [X ] the spaces
H 0(elm−! (NX )) and H
1(elm−! (NX )). Let V be the open set of curves not contained
in Q; and consider the map V → Hilb 2d−
∑
siQ de@ned by the intersection of a curve
with Q. The map on the tangent spaces at [X ] is given by H 0(>) in the exact sequence
0→ elm−! (NX )(−D)→ elm−! (NX )
>→NX |D → 0:
Since elm−! (NX )(−D) ∼= elm+!(NX )(−2); we have H 1(elm−! (NX )(−D))=0 accord-
ing to Lemmas 4.2 and 4.3. Hence the obstruction space vanishes; [X ] is a smooth
point of V ; and H 0(>) is surjective: the map is smooth at [X ] and therefore dominant.
Corollary 4.4. Suppose d− 36 g6 2d− 9. If X is a general curve in W (d; g); and
if L1; L2 and L3 are; respectively; general s1-; s2- and s3-secant lines to X with si = 2
or 3; then H 1(elm−! (NX ))=0 where ! is the subset of normal directions induced by
the Li.
Proof. From the previous proof; note that it is true for (d; g) =(7; 5); (8; 7); (9; 9); in
particular for (d; g) = (6; 3). So suppose that d¿ 7. Let C be a curve in W (d− 1; g−
s+ 1); s= 2 or 3; and let Li be si-secant lines to C such that H 1(elm−! (NC)) = 0. If
D is general s-secant line to C; then:
(i) for each point &∈$, H 1(elm+$−{&} elm−! (NC)) = 0 because H 1(elm−! (NC)) = 0.
(ii) H 1(elm−% (ND)) = 0 (if s= 3, the three tangent directions are not coplanar).
Hence, according to Proposition 1.9, H 1(elm−! (NC∪D)) = 0 and C ∪D is smoothable
to a curve X with incidence data. Moreover, since C ∪D lies in W (d; g) (Lemma 3.8)
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and is a smooth point of the Hilbert scheme, X also lies in W (d; g). This proves the
corollary by induction on d.
The rest of the section is devoted to the proof of Lemma 4.2.
Lemma 4.5. Let D be a reduced curve of degree & in a plane H ⊆ P3; S a 6nite set
of smooth points of D; and % ⊆ P(ND) normal directions transversal to H which
project bijectively onto S. Let k = 0; 1 or 2. Then:
(a) h1(elm+%ND(−k)) = h0(IS;H (&+ k − 4));
(b) 06 h1(elm−%ND(−k))− h1(ND(−k))6 h1(IS;H (&− k)).
Proof. The case k=2 has been shown in [16]; it suMces to generalize the proof. Since
ND=H ∼= OD(&) and NH |D ∼= OD(1); Proposition 1.5 gives two exact sequences:
0→ OD(&− k)→ elm+%ND(−k)→ OD(1− k + S)→ 0; (4.1)
0→ OD(&− k − S)→ elm−%ND(−k)→ OD(1− k)→ 0: (4.2)
(a) !D ∼= OD(& − 3); so by Serre duality H 1(OD(& − k)) = 0; and using (4.1) we
have H 1(elm+%ND(−k)) ∼= H 1(OD(1 − k + S)). From Serre duality and the exact
sequence
0→ OH (k − 4)→ IS;H (&+ k − 4)→ OD(&+ k − 4− S)→ 0
we deduce H 1(OD(1− k + S))∗ ∼= H 0(OD(&+ k − 4− S)) ∼= H 0(IS;H (&+ k − 4)).
Then h1(elm+%ND(−k)) = h0(IS;H (&+ k − 4)).
(b) Since the functor H 1 is right exact on D; we get from (4.2) the inequalities
06 h1(elm−%ND(−k))− h1(OD(1− k))6 h1(OD(&− k − S)):
Furthermore h1(OD(1− k)) = h1(ND(−k)); and from the exact sequence
0→ OH (−k)→ IS;H (&− k)→ OD(&− k − S)→ 0
we deduce h1(OD(&− k − S)) = h1(IS;H (&− k)). Hence the result.
Lemma 4.6. Let k = 0; 1 or 2. Let C be a curve in P3 such that h1(NC(−k))6 1;
D a curve of degree & in a plane H; and S = C ∩ D. Suppose that C is transversal
to H; that the points of S; which are smooth points of C and D; are not on a plane
curve of degree & + k − 4 in H; and that H 1(IS;H (& − k)) = 0. If X = C ∪ D; then
h1(NX (−k))6 1.
Proof. We denote by $ ⊆ P(NC) (resp. % ⊆ P(ND)) the set of normal directions
induced by D (resp. by C). By the previous lemma:
(a) h1(elm+%ND(−k)) = h0(IS;H (&+ k − 4)) = 0;
(b) h1(elm−%ND(−k)) = h1(ND(−k)).
Consider the exact sequence
0→NX (−k)→NX |C(−k)⊕NX |D(−k) →NX |S → 0 (4.3)
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withNX |C(−k) ∼= elm+$NC(−k) andNX |D(−k) ∼= elm+%ND(−k). We want to prove
that ImH 0() is at least a hyperplane of H 0(NX |S). De@ne R by: 0→ R →NX |S →
T1S → 0, hence the exact sequence: 0→ H 0(R)→ H 0(NX |S)→ H 0(T1S)→ 0.
From (b) and the exact sequence
0→ elm−%ND(−k) r→ND(−k) i→R → 0
with i the restriction of  to the subsheaf ND(−k) of NX |D(−k), we deduce H 1(r)
is bijective. So H 0(i) is surjective and ImH 0() contains H 0(R). Now consider the
exact sequence
0→NC(−k) s→NX |C(−k) j→T1S → 0:
We have h1(NX |C(−k))6 h1(NC(−k))6 1.
1. If h1(NX |C(−k)) = h1(NC(−k)), then H 1(s) is bijective, so H 0(j) is surjective.
But H 0(j) is the composition H 0(NX |C(−k)) →H 0(NX |S) → H 0(T1S). Thus
ImH 0() contains a space supplementary to H 0(R), hence H 0() is surjective.
Then we get from (a) and (4.3): h1(NX (−k))= h1(NX |C(−k))+h1(NX |D(−k))=
h1(NX |C(−k))6 1.
2. If h1(NX |C(−k)) = 0 and h1(NC(−k)) = 1, then ImH 0(j) is a hyperplane of
H 0(T1S), so ImH
0() contains a hyperplane of H 0(NX |S). If H 0() is surjective,
we reduce to case 1 and h1(NX (−k)) = h1(NX |C(−k)) = 0. If ImH 0() is a
hyperplane of H 0(NX |S), then h1(NX (−k))= h1(NX |C(−k)) + h1(NX |D(−k)) +
1 = 1.
Applications 4.7. Under the same assumptions as in Lemma 4.6; we also have:
1. If H 1(NC(−k)) = 0; then H 1(NX (−k)) = 0.
2. Suppose k=2 and D is a quartic plane 6-secant to C such that C∩D does not lie
in a conic. Then h1(NX (−2))6 1 if h1(NC(−2))6 1. We can choose D as the
union of four coplanar lines which are; respectively; 3-; 2-; 1- and 0-secant to C.
Then from Lemma 3.8; if C is nonspecial or in one of the components W (d; g);
X is also nonspecial or in one of these components.
Remark 4.8. Let k =2. If we do not suppose in Lemma 4.6 that H 1(IS;H (&− 2))= 0
but H 1(NC(−2)) = 0; then we get h1(NX (−2))6 #(S)− ( &2 ).
Proof. We have (elm+%ND(−2)) L ∼= elm−% ((ND(−2)) L) ∼= elm−%ND(−2) ⊗ !−1D
(Properties 1.3). Then h0(elm−%ND(−2))= 0 by (a) and Serre duality. So H 0(i) is
injective and ImH 0() contains a subspace of H 0(R) of dimension h0(ND(−2)).
Moreover; ImH 0() also contains a space supplementary to H 0(R) because
h1(NX |C(−2))6 h1(NC(−2)) = 0. Hence H 0() is of rank ¿ h0(ND(−2)) + #(S).
Then we get from (a) and exact sequence (4.3):
h1(NX (−2)) = h1(NX |C(−2)) + h1(NX |D(−2)) + h0(NX |S)− rank(H 0())
= h0(NX |S)− rank(H 0())
6 #(S)− h0(ND(−2)) = #(S)−
(
&
2
)
:
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Proof of Lemma 4.2. The union X of a curve C with a plane quartic 6-secant to C is of
degree d(C)+4 and genus g(C)+8. According to Application 4.7 (2); if C is nonspecial
or in one of the components W (d; g); and satis@es h1(NC(−2))6 1; it is the same for
X ; provided that the six points of intersection are not on a conic. So it is suMcient to
@nd curves in W (d; g) with h1(N(−2))6 1 for (d; g) such that d¿max(6; g+3) and
for the values (d; g)= (8;6); (9;7); (9;8); (11;13); (12;15) and (13;17). Then we will
have covered all the sector d− 36 g6 2d− 9; (d; g) =(7; 5); (8; 7); (9; 9). Indeed; the
attachment of a plane quartic 6-secant corresponds to a translation d → d+ 4 along a
line g = 2d − c with c¿ 9. If c¿ 12; the sector d¿max(6; g + 3) contains at least
four consecutive points. For c = 11; we have to add the point (9;7); for c = 10; the
points (8;6) and (9;8); for c = 9; the points (11;13); (12;15) and (13;17) because we
want to avoid (7;5); (8;7) and (9;9).
The range d¿max(6; g + 3) corresponds to nonspecial curves of degree ¿ 6. The
components of the Hilbert scheme are unique for these values [3], so it is suMcient to
@nd a smoothable curve satisfying h1(N(−2))6 1. Table (10.6) and Theorem 10.5 of
[16] show that if the caracteristic is not 2, there exists curves with h1(N(−2))=0 for
each (d; g) in this range, except for (d; g)=(6; 2) (Perrin studied the case (d; g)=(6; 2)
in [13, Proposition 6.1]). For (d; g) = (6; 2): the union X of a rational quartic C with
a plane conic 2-secant to C is of degree 6 and genus 2, and satis@es h1(NX (−2))=1
if C is suMciently general (Remark 4.8).
For (d; g)= (9; 7), let C be a smooth curve of degree 6 and genus 3 with h1(NC(−2))
= 0, and D the union of three coplanar lines, respectively, 2-, 1- and 1-secant to C.
Then X = C ∪ D is in W (9; 7) (Lemma 3.8) and satis@es h1(NX (−2))6 1 (Remark
4.8).
For (d; g) = (8; 6), (9,8), (11,13) or (12,15), consider the set U (d; g) of curves of
degree d and genus g with seminatural cohomology. Since the Rao moduli M=H 1∗(I)
is supported in one degree, U (d; g) is an irreducible family. So it is suMcient to @nd
in U (d; g): (i) a curve X lying in W (d; g) such that H 1(NX ) = 0, and (ii) a curve
Y such that h1(NY (−2))6 1. Then the generic curve of U (d; g) lies in W (d; g)
(because [X ] is a smooth point of the Hilbert scheme) and satis@es h1(N(−2))6 1
by semicontinuity. We begin with the condition (i).
• If (d; g)=(8; 6): let C be a smooth quintic elliptic curve, S a cubic surface containing
C and H a plane transversal to S; D= S ∩H is a plane cubic 5-secant to C. Then
X = C ∪ D is a curve of degree 8 and genus 6. Using the exact sequence
0→ OP3 (−4)→ OP3 (−3)⊕IC(−1)→ IX → 0
it follows that X has seminatural cohomology. Now consider the exact sequence
0→ IC(2)→ IC(3) i→IC∩H;H (3)→ 0:
Since H 1(IC(2)) = 0, H 0(i) is surjective, so any cubic of H passing through the
@ve points of C ∩ H is the trace of a cubic surface containing C. Then we can
choose the con@guration of D as the union of three coplanar lines, respectively, 2-,
2- and 1-secant to C, hence X is in W (8; 6) according to Lemma 3.8. Moreover
H 1(NC) = 0, so H 1(NX ) = 0 (Application 4.7(1) with k = 0).
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• If (d; g) = (9; 8): we use the same arguments with C a smooth quintic elliptic and
S a quartic surface containing C. Then D = S ∩ H is a plane quartic 5-secant to C
and X =C ∪D is a curve with seminatural cohomology lying in W (9; 8) if D is the
union of four coplanar lines, respectively, 2-, 2-, 1- and 0-secant to C.
• If (d; g)=(11; 13): let C be the union of a smooth curve E of degree 6 and genus 3,
arithmetically Cohen–Macaulay and satisfying H 1(NE)=0, with a line L 2-secant to
E; C is a curve in W (7; 4) with seminatural cohomology (we can use [1] to show it)
and satis@es H 1(NC)=0. If S is a quartic surface containing C, H a plane transversal
to S and D = S ∩ H , then X = C ∪ D is a curve of degree 11 and genus 13 with
seminatural cohomology, which lies in W (11; 13) if D is the union of four coplanar
lines D1; D2; D3 and D4, respectively, 3-, 2-, 1- and 0-secant to E, the last line passing
through the point L ∩H (Lemma 3.8, with X = E ∪D1 ∪D2 ∪D3 ∪D4 ∪ L). So we
begin by choosing a trisecant line D1 to E, a plane H containing D1 and transversal
to E, next the lines D2; D3; D4. Since the morphism H 0(IC(4)) → H 0(IC∩H;H (4))
is surjective, there exists a quartic surface S containing C such that D= S ∩H . We
have H 1(NX ) = 0 according to Application 4.7(1).
• If (d; g)=(12; 15): now C is a curve in W (8; 5), union of E, de@ned in the previous
case, with two disjoint lines L1 and L2 2-secant to E. Let D1 be a trisecant line
to E and H a plane transverse to C containing D1. We choose in H a line D2
passing through two points of E ∩ (H − D1), a line D3 passing through a point of
E∩(H−D1−D2) and we de@ne D4=〈L1∩H; L2∩H 〉. Then D=D1∪· · ·∪D4 is the
trace of a quartic surface containing C and X =C ∪D is a curve in W (12; 15) with
seminatural cohomology. Moreover H 1(NX ) = 0 according to Application 4.7(1).
Now we show (ii). For (d; g)= (9; 8), (11,13) and (12,15), Walter proved in [14] that
H 1(N(−2)) = 0 (Table (6.14.1)) for the generic curve of U (d; g). For (d; g) = (8; 6),
it suMces to use the same arguments to show that H 1(N(−2)) = 1.
It remains the case (d; g) = (13; 17). Let C be the generic curve of W (8; 7), D a
union of four coplanar lines, respectively, 3-, 2-, 1- and 0-secant to C contained in a
plane H meeting C transversally, and L a line 2-secant to C and 1-secant to D. Then
X = C ∪ D ∪ L is in W (13; 17) according to Lemma 3.8. Moreover [X ] is a smooth
point of the Hilbert scheme (H 1(NC(−1))=0, so H 1(NC∪D(−1))=0 by Application
4.7(1), hence H 1(NX ) = 0 according to Proposition 1.6). Now the curve C ∪ L is in
W (9; 8). When we replace it by the generic curve C˜ of W (9; 8), we can replace D
by a plane quartic D˜ 7-secant to C˜ because the seven points of (C ∪ L) ∩ D impose
independent conditions to quartics of H . Then C˜∪ D˜ is in W (13; 17) as generization of
a smooth point of W (13; 17), and satis@es H 1(NC˜∪D˜(−2))6 1 according to Remark
4.8.
5. Critical values and inductive hypotheses
Let d and g be integers such that d−36 g6 2d−9 and de@ne two integers x, y by
d= x + y + 6;
g= 2x + y + 3;
i:e:
x = g− d+ 3;
y = 2d− 9− g:
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Geometrically, x and y represent, respectively, the number of 3-secant and 2-secant
lines to add to a smooth connected curve C of degree 6 and genus 3 to obtain a curve
in W (d; g). If the Li are these lines, we require Li to be si-secant to C ∪L1∪· · ·∪Li−1
with si = 2 or 3.
We denote by W (x; y) the component W (d(x; y); g(x; y)) and (n; x; y) the Hilbert
polynomial of the ideal sheaf of a curve of degree d(x; y) and genus g(x; y):
(n; x; y) =
(
n+ 3
3
)
− 6n+ 2− (n− 2)x − (n− 1)y:
We de@ne for any (x; y) the critical value
v(x; y) =
{
2 if (x; y) = (0; 0);
min{n¿ 3=(n; x; y)¿ 0} otherwise:
If X is a curve of degree d(x; y) and genus g(x; y), then vX = v(x; y).
Along the line y = 0 we de@ne x(n) and b(n) for n¿ 3 by dividing

(
n+ 3
3
)
− 6n+ 2 = (n− 2)x(n) + b(n);
06 b(n)6 n− 3:
We set x(2) = b(2) = 0. Then: x(n) = max{x=v(x; 0) = n} and b(n) = (n; x(n); 0). Let
m(x) :=max{n=x(n)6 x} for any x¿ 0.
Along the lines of constant x¿ 0 we de@ne y(n; x) and c(n; x) for n¿m(x) + 1 by
dividing

(
n+ 3
3
)
− 6n+ 2− (n− 2)x = (n− 1)y(n; x) + c(n; x);
06 c(n; x)6 n− 2:
Then
y(n; x) = max{y=v(x; y) = n} and c(n; x) = (n; x; y(n; x)):
5.1. The inductive hypotheses
H(2): the generic curve of W (x(2); 0) is not contained in a quadric surface.
H(n); n¿ 3: for any integer q satisfying 06 2q6 b(n), there exists (X;Q; L1; L2; L3;
S1; S2) such that:
(1) X is a smooth connected curve in W (x(n); 0);
(2) Q is a smooth quadric intersecting X transversally;
L1; L2 and L3 are disjoint 3-secant lines to X , contained in Q;
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S1 and S2 are respective subsets of L1 − (L1 ∩ X ) and L2 − (L2 ∩ X ) with{
card(S1) = b(n)− q;
card(S2) = q:
If p :Q → L1 is the projection of Q onto L1, thenp (S2) ⊆ S1∩p (X∩(Q−
⋃3
i=1 Li)).
(3) H 0(IX∪S1∪S2 (n)) = 0.
R(n; x); x¿ 0; n¿m(x) + 1: for any integer q satisfying 06 2q6 c(n; x), there exists
(X;Q; L1; L2; L3; S1; S2) such that:
(1) X is a smooth connected curve in W (x; y(n; x));
(2) Q is a smooth quadric intersecting X transversally;
L1; L2 and L3 are disjoint 2-secant lines to X , contained in Q.
S1 and S2 are respective subsets of L1 − (L1 ∩ X ) and L2 − (L2 ∩ X ) with:{
card(S1) = c(n; x)− q;
card(S2) = q:
If p :Q → L1 is the projection of Q onto L1, then p (S2) ⊆ S1∩p (X∩(Q−
⋃3
i=1 Li)).
(3) H 0(IX∪S1∪S2 (n)) = 0.
The induction is proved in 3 steps:
1. H(n− 2) implies H(n) if n¿ 4;
2. H(n− 2) implies R(n; x) if x¿ 0, n¿ 4, and n= m(x) + 1 or m(x) + 2;
3. R(n− 2; x) implies R(n; x) if x¿ 0 and n¿m(x) + 3.
To begin the induction, we have to show H(2) and H(3). In fact, we will also prove
R(3,0), R(3,1), R(3,2), R(3,3) because these cases are not covered by the induction
(n = 3¡ 4), and R(5,3) because we use the results of Proposition 4.1, so we must
avoid the points coming from (d; g)= (7; 5); (8; 7); (9; 9). Then we will have shown all
the inductive hypotheses.
We begin by recalling a condition for points of a smooth quadric surface impose
independent conditions to curves of @xed bidegree.
Lemma 5.1. Let Q be a smooth quadric surface in P3; D1 and D2 lines of bidegree
(1; 0) in Q; and S a 6nite set of points of D1 ∪D2. Let S1 = S ∩D1 and S2 = S ∩D2.
Let a¿ 1 and b¿ 1 be integers such that #(S)6 (a + 1)(b + 1). If #(S1)6 b + 1
and #(S2)6 b+ 1; then h0IS;Q(a; b) = h0OQ(a; b)− #(S) = (a+ 1)(b+ 1)− #(S).
Proof. Let s=#(S); s1 =#(S1); s2 =#(S2). Let ((x0 : x1); (y0 :y1)) be the homogeneous
coordinates under the isomorphism Q ∼= P1 × P1. Let F be a polynomial of bidegree
(a; b):
F(x0; x1; y0; y1) =
∑
06i6a; 06j6b
4ijxa−i0 x
i
1y
b−j
0 y
j
1:
Then F contains S if and only if the coeMcients (4ij) are solutions of a linear system
of s equations and (a+1)(b+1) unknowns. In order to simplify; we can suppose that
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D1 is the line x0 = 0 and D2 the line x1 = 0. So the points of S1 are Pk =((0 : 1); (>k :
Ak)); 16 k6 s1; the points of S2 are Ql = ((1 : 0); (Bl : &l)); 16 l6 s2. We take
the following order for (4ij): (400 : : : 40b︸ ︷︷ ︸
i=0
; : : : ; 4a0 : : : 4ab︸ ︷︷ ︸
i=a
). Then the matrix ((s1 + s2) ×
(a+ 1)(b+ 1)) of the linear system is
M =
(
0 0 M1
M2 0 0
)
with
M1 =


>b1 >
b−1
1 A1 : : : A
b
1
...
...
...
>bs1 >
b−1
s1 As1 : : : A
b
s1

 and M2 =


Bb1 B
b−1
1 &1 : : : &
b
1
...
...
...
Bbs2 B
b−1
s2 &s2 : : : &
b
s2

 :
Hence M1 is a matrix s1× (b+1) which has rank s1 if the Pk are distinct points of S1;
and M2 is a matrix s2 × (b+ 1) of rank s2 if the Ql are distinct. So M has maximal
rank s= s1 + s2: the points of S impose independent conditions to H 0(OQ(a; b)).
5.2. Proof of hypotheses H(n)
H(2): x(2) = 0 and b(2) = 0, so d = 6; g = 3; the generic curve of W (6; 3) is not
contained in any quadric surface.
H(3): x(3)=4 and b(3)=0, so d=10; g=11; consider a general curve X of W (10; 11).
Let D1; D2; D3 be general 1-secant lines to X , and Q the quadric containing these lines.
Then a cubic surface containing X must intersect Q in a curve of bidegree (3,3) which
contains 17 points in general position according to Proposition 4.1; it is not possible
because h0(OQ(3; 3)) = 16. So H 0(IX (3)) = 0, and if L1; L2; L3 are general 3-secant
lines to X , and Q the quadric containing the Li, then (X;Q; L1; L2; L3) satis@es H(3).
H(n− 2) implies H(n) if n¿ 4: let X be a general curve in W (x(n− 2); 0), L1; L2; L3
general 3-secant lines to X , and Q the smooth quadric containing the Li. According to
Proposition 4.1, the 2x(n−2)+3 points of X ∩(Q−⋃3i=1 Li) are in general position. We
want to add x(n)−x(n−2) 3-secant lines to X to obtain a curve Y in W (x(n); 0). Since
x(n)− x(n− 2)¿ 5, we begin by adding the Li, so it remains t := x(n)− x(n− 2)− 3
lines to add.
Case 1: b(n− 2)6 t.
We choose t lines Di; 16 i6 t; in the second family of lines of Q such that:
• if 16 i6 b(n− 2), Di intersects X at a point not lying in L1; L2 or L3;
• if i¿b(n− 2), then Di ∩ X = ∅.
Since #(X ∩ (Q −⋃3i=1 Li)) = 2x(n− 2) + 3¿ b(n− 2), this construction is possible.
Let E = {Di ∩ L1; 16 i6 b(n − 2)}. Then H 0(IX∪E(n − 2)) = 0. Indeed, for any
subset of n− 4 points of L1 − (L1 ∩ X ), there exists b(n− 2) of them called E′ with
H 0(IX∪E′(n− 2)) = 0. Since the points of X ∩ (Q −
⋃3
i=1 Li) are in general position,
their projections on L1 consist in 2 x(n−2)+3 distinct points. But 2 x(n−2)+3¿ n−4,
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so we can choose b(n− 2) of these points and take the Di, 16 i6 b(n− 2), as being
the lines passing through these points, i.e. E = E′.
Let Y = X ∪ L1 ∪ L2 ∪ L3
⋃t
i=1 Di ∪ C(E) with C(E) the scheme de@ned by I2E . Let
M1; M2; M3 be lines not meeting X in the second family of Q, and F a @nite set of
points in M1 ∪M2 − (L1 ∪ L2 ∪ L3) of cardinal b(n) satisfying condition (2) of H(n).
Then we want to prove that H 0(IY∪F(n)) = 0. For this, consider the following exact
sequence:
0→ IResQ(Y∪F)(n− 2)→ IY∪F(n)→ I(Y∪F)∩Q;Q(n)→ 0 (5.1)
with ResQ(Y ∪ F) = X ∪ E. We have H 0IX∪E(n− 2) = 0.
Since (IY∪F(n)) = (IX∪E(n− 2)) = 0, then (I(Y∪F)∩Q;Q(n)) = 0.
Let G=X ∩ (Q− (L1∪L2∪L3
⋃t
i=1 Di))∪F . Then I(Y∪F)∩Q;Q(n) ∼= IG;Q(n− t; n−3).
Using the exact sequence
0→ IG;Q(n− t; n− 3)→ OQ(n− t; n− 3)→ OG → 0
we get (OQ(n− t; n−3))=(OG), i.e. (n− t+1)(n−2)=#(G). Moreover, points of G
impose independent conditions to curves of bidegree (n− t; n−3) on Q. Indeed, points
of F impose independent conditions to H 0(OQ(n− t; n− 3)) according to Lemma 5.1
and points of G − F are in general position on Q according to Proposition 4.1. So
h0I(Y∪F)∩Q;Q(n) = h0IG;Q(n− t; n− 3)
= h0OQ(n− t; n− 3)− #(G)
= (n− t + 1)(n− 2)− #(G)
= 0:
Hence, according to the exact sequence of cohomology associated to (5.1),
H 0IY∪F(n) = 0.
It remains to smooth Y . We begin by deforming the lines Di, 16 i6 b(n− 2), so
that the embedded points disappear, keeping the incidences with X , L2 and L3. We
obtain a reduced curve Y˜ . We can see Y˜ as the union of X 0 =X ∪ L1 ∪ L2 ∪ L3 with t
lines D0i which are 3-secant to X
0. Then we want to smooth Y˜ . Let $ ⊆ P(NL1∪L2∪L3 )
be the subset of normal directions induced by X , and ! ⊆ P(NX ) the subset of normal
directions induced by the Li. Then:
(i) ∀&∈$;H 1(elm+$−{&}NL1∪L2∪L3 ) = 0;
(ii) H 1(elm−!NX ) = 0 according to Corollary 4.4.
Hence X 0 is smoothable to a curve X 1 and its normal sheaf satis@es H 1(NX 0 ) = 0
(Proposition 1.6). We can associate to each line D0i (respectively, Mi) a generization
D1i (respectively, M
1
i ) which is 3-secant to X
1. Now we smooth X 1
⋃t
i=1 D
1
i line after
line:
(i) ∀&∈$;H 1(elm+$−{&}NX 1 ) = 0 because H 1(NX 1 ) = 0;
(ii) H 1(elm−%ND11 ) = 0 (% corresponds to three noncoplanar directions).
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Then X 1∪D11 is smoothable to a curve X 2 with H 1(NX 2 )=0. We deform D1i , 26 i6 t,
to a line D2i 3-secant to X
2, and M 1i to a line M
2
i 3-secant to X
2. Then we smooth
X 2 ∪ D22 in a curve X 3, next X 3 ∪ D33 in a curve X 4 and so on to obtain @nally a
smoothing OY of Y˜ which satis@es H 1(N OY ) = 0.
Case 2: b(n− 2)¿t, i.e. n ≡ 4 (mod 6); n¿ 22.
We add three lines L4; L5; L6 in the second family of lines of Q, next a 4th line L7
in the @rst family. It is possible because t¿ 14. We require that these four lines do
not meet X . So it remains to add t′ := x(n)− x(n− 2)− 7 lines.
Let q= b(n− 2)− t′. Then 2q6 b(n− 2) and we can apply H(n− 2) with this q:
there exists S1 ⊆ L1 − (L1 ∩ X ) of cardinal b(n − 2) − q and S2 ⊆ L2 − (L2 ∩ X ) of
cardinal q such that p (S2) ⊆ S1 ∩ p (X ∩ (Q −
⋃3
i=1 Li)) and H
0(IX∪S1∪S2 (n)) = 0.
We choose t′ lines in the second family of lines in the following way:
• if 16 i6 q, the Di are the lines passing through the points of S2;
• if i¿q, the Di are the lines passing through the other points of S1; we can suppose
that Di ∩ X = ∅.
Let Y =X ∪L1∪L2∪L3∪L4∪L5∪L6∪L7
⋃t′
i=1 Di ∪ C(S) with S=S1∪S2 and C(S) the
scheme de@ned by I2S . Let M1; M2; M3 be lines in the second family of Q not meeting
X , and F a @nite set of points in M1∪M2− (L1∪L2∪L3∪L7) of cardinal b(n). Using
the two following exact sequences:
0→ IResQ(Y∪F)(n− 2)→ IY∪F(n)→ I(Y∪F)∩Q;Q(n)→ 0;
0→ IG;Q(n− t′ − 3; n− 4)→ OQ(n− t′ − 3; n− 4)→ OG → 0
with G=X ∩ (Q− (⋃7i=1 Li⋃t′i=1 Di))∪F , we show as in case 1 that H 0(IY∪F(n))=0.
It remains to smooth Y . We deform Y to obtain a reduced curve Y˜ which we can
see as the union of X 0 = X ∪ L1 ∪ L2 ∪ L3 ∪ L4 ∪ L5 ∪ L6 ∪ L7 with t′ lines D0i 3-secant
to X 0. Then:
(i) ∀&∈$;H 1(elm+$−{&}N⋃7i=1 Li) = 0,
(ii) H 1(elm−!NX ) = 0,
with $ ⊆ P(N⋃7
1 Li
) the subset de@ned by X , ! ⊆ P(NX ) the subset de@ned by
the Li. So X 0 is smoothable to a curve X 1 which satis@es H 1(NX 1 ) = 0. We deform
the lines D0i and Mi in lines D
1
i and M
1
i which are 3-secant to X
1. Then we smooth
X 1 ∪D11 to a curve X 2, next X 2 ∪D22 to a curve X 3 and so on as in case 1 to obtain
@nally a smoothing OY of Y˜ which satis@es H 1(N OY ) = 0.
5.3. Proof of hypotheses R(n; x)
R(3; 0): y(3; 0) = 2 and c(3; 0) = 0, so d = 8, g = 5. Let X be the generic curve of
W (6; 3), L1; L2 general 2-secant lines to X , and Q a smooth quadric surface containing
L1 and L2. Then Y = X ∪ L1 ∪ L2 is smoothable in W (8; 5). Moreover, if a cubic
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surface contains Y , it intersects Q in a curve of bidegree (3,3) containing L1; L2 and
eight points in general position, which is not possible because h0(OQ(3; 1)) = 8.
R(3; 1): y(3; 1) = c(3; 1) = 1, so d= 8, g= 6. Let X be the generic curve of W (6; 3),
L1; L2, respectively, general 3- and 2-secant lines to X , Q a smooth quadric containing
L1 and L2. Let M1; M2; M3 be lines in the second family of lines of Q, and S1 a point
of M1. Then Y = X ∪ L1 ∪ L2 is smoothable in W (8; 6). Moreover, if a cubic surface
contains Y ∪ S1, it intersects Q in a curve of bidegree (3,3) containing L1, L2, S1 and
seven points in general position. Hence we obtain a curve of bidegree (3,1) containing
S1 and the seven points. It is not possible because h0OQ(3; 1) = 8.
R(3; 2): y(3; 2) = 1 and c(3; 2) = 0, so d = 9, g = 8. Let X be the generic curve of
W (6; 3), L1 and L2 general 3-secant lines to X , L3 general 2-secant line to X . Let Q
be the smooth quadric containing the Li. Then Y = X ∪ L1 ∪ L2 ∪ L3 is smoothable
in W (9; 8) and does not lie in a cubic surface (otherwise it would exist a curve of
bidegree (3,0) in Q containing four points in general position).
R(3; 3): y(3; 3) = 0 and c(3; 3) = 1, so d = 9, g = 9. Let X be the generic curve of
W (6; 3), L1; L2; L3 general 3-secant lines to X , and Q the quadric containing the Li.
Let M1; M2 and M3 be lines in the other family of Q, and S1 a point of M1. Then
Y = X ∪ L1 ∪ L2 ∪ L3 is smoothable in W (9; 9) and Y ∪ S1 is not contained in a cubic
surface.
Since we use the same methods as in the proof of H(n), we will give only the
construction of the curve Y in W (x; y(n; x)). It is a smoothable curve which satis@es
condition (3) of R(n; x).
H(n − 2) implies R(n; x) if x¿ 0, n¿ 4, and n = m(x) + 1 or m(x) + 2: let X be a
general curve of W (x(n−2); 0). We want to add x−x(n−2) 3-secant lines and y(n; x)
2-secant lines to obtain a curve in W (x; y(n; x)). We have x∈ <x(n− 2); x(n)− 1= and
x − x(n− 2) + y(n; x)¿ 3. Suppose that x − x(n− 2)¿ 3 (the case x − x(n− 2)6 2
will be dealt after).
Case 1: b(n− 2)6y(n; x).
Let L1 and L2 be general 3-secant lines to X , Q a smooth quadric containing L1 and
L2 and intersecting X transversallly. The 2x(n− 2)+6 points of X ∩ (Q−
⋃2
i=1 Li) are
in general position. Let t := (x − x(n− 2)− 2) + y(n; x). We choose t lines Di in the
second family of Q such that:
• if 16 i6 x− x(n− 2)− 2 + b(n− 2), Di intersects X at a point not lying in L1 or
L2;
• if i¿ x − x(n− 2)− 2 + b(n− 2), then Di ∩ X = ∅.
This construction is possible since 2 x(n− 2) + 6¿ x − x(n− 2)− 2 + b(n− 2).
If E = {Di ∩ L1; 16 i6 b(n− 2)}, then H 0(IX∪E(n− 2)) = 0.
Let Y =X ∪ L1 ∪ L2
⋃t
i=1 Di ∪ C(E) with C(E) the scheme de@ned by I2E : it is a curve
smoothable in W (x; y(n; x)).
Case 2: y(n; x)¡b(n− 2)6 2y(n; x) + (x − x(n− 2)− 3).
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The lines L1; L2; L3 are general 3-secant to X , Q is the smooth quadric containing
the Li. Let t′ := (x − x(n− 2)− 3) + y(n; x) and de@ne q by
q=
{
0 if b(n− 2)6 t′;
b(n− 2)− t′ if b(n− 2)¿t′:
Then 06 2q6 b(n− 2). Moreover q6y(n; x)6 t′. We choose t′ lines Di such that:
• if 16 i6 b(n− 2)− y(n; x), Di meets X at a point not lying in L1, L2 or L3;
• if i¿b(n− 2)− y(n; x), then Di ∩ X = ∅.
The numerical condition 2 x(n− 2) + 3¿ b(n− 2)− y(n; x) is satis@ed. Let
E =
{
{Di ∩ L1; 16 i6 b(n− 2)} if b(n− 2)6 t;′
{Di ∩ L1; 16 i6 t′} ∪ {Di ∩ L2; 16 i6 q} if b(n− 2)¿t′:
Then #(E)=b(n−2) and H 0(IX∪E(n−2))=0. The curve Y=X ∪L1∪L2∪L3
⋃t′
i=1 Di∪
C(E) is in W (x; y(n; x)).
Case 3: b(n− 2)¿ 2y(n; x) + (x − x(n− 2)− 3).
Then we have x − x(n − 2)¿ 7. Let L1; L2; L3 be general 3-secant lines to X , and
Q the smooth quadric containing the Li. We choose three lines L4; L5; L6 in the second
family of Q, next a 4th line L7 in the @rst family. We require that the four lines do
not meet X . Let t′′ := (x − x(n− 2)− 7) + y(n; x). Then b(n− 2)6 2t′′.
Let q1 = b(n− 2)− 2y(n; x)− x+ x(n− 2) + 7 and q= q1 + y(n; x). We choose t′′
lines Di in the second family such that:
• if 16 i6 q1, Di meets X at a point not lying in L1, L2, L3 or L7;
• if i¿q1, then Di ∩ X = ∅.
This construction is possible since 2 x(n−2)+3¿ q1. Let E={Di ∩L1, 16 i6 t′′}∪
{Di ∩ L2, 16 i6 q}. Then #(E) = b(n − 2) and H 0(IX∪E(n − 2)) = 0. The curve
Y = X
⋃7
i=1 Li
⋃t′′
i=1 Di ∪ C(E) is in W (x; y(n; x)).
Remark. We have supposed x− x(n− 2)¿ 3. If x− x(n− 2)¡ 3; we can extend the
proofs in the following way; with t := x − x(n− 2)− 2 + y(n; x) and t′ := t − 1.
1. b(n− 2)6 t. We repeat case 1 but if x − x(n− 2) = 1 (resp. x − x(n− 2) = 0);
we require L2 (resp. L1 and L2) be 2-secant to X . We add t lines Di; 16 i6 t;
such that:
• if 16 i6 b(n− 2); Di meets X at a point not lying in L1 or L2;
• if i¿b(n− 2); then Di ∩ X = ∅.
If x− x(n− 2) = 2 (resp. x− x(n− 2) = 1; resp. x− x(n− 2) = 0); the numerical
condition is 2 x(n − 2) + 6¿ b(n − 2) (resp. 2 x(n − 2) + 7¿ b(n − 2); resp.
2 x(n− 2) + 8¿ b(n− 2)).
2. b(n − 2)¿t. We repeat case 2 with q = b(n − 2) − t′. If x − x(n − 2) = 2; L3
becomes a 2-secant to X ; if x− x(n− 2)=1; L2 and L3 become 2-secant to X ; if
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x− x(n− 2) = 0; the 3 lines L1; L2 and L3 become 2-secant to X . In the 3 cases;
we add t′ lines Di; 16 i6 t′; such that:
• if 16 i6 q; Di meets X at a point not lying in the Li;
• if i¿q; then Di ∩ X = ∅.
The numerical condition is: 2 x(n−2)+4¿ q (resp. 2 x(n−2)+5¿ q; resp. 2 x(n−
2)+6¿ q). Then we de@ne E by E={Di ∩L1; 16 i6 t′}∪{Di ∩L2; 16 i6 q}.
R(5; 3): y(5; 3) = 4 and c(5; 3) = 3, so d = 13, g = 13. Let X be a general curve in
W (8; 5), L1; L2; L3 be respectively general 2-, 2- and 3-secant lines to X , and Q the
quadric containing the Li. The 9 points of X ∩ (Q −
⋃3
1 Li) are in general position.
We choose in the second family of Q 5 lines L4; L5; M1; M2; M3 not meeting X . Then
Y = X ∪ L1 ∪ L2 ∪ L3 ∪ L4 ∪ L5 is in W (13; 13).
(i) If q=0: S is a set of 3 points of M1−
⋃3
1 Li. If a quintic surface contains Y ∪S, it
intersects Q in a curve (5,5) containing the Li, 9 points in general position, and S.
Hence a curve (2,2) containing 9 points in general position, which is not possible.
(ii) If q = 1: S is a set of 3 points of M1 ∪ M2 −
⋃3
1 Li satisfying condition (2) of
R(5,3). If a quintic surface contains Y ∪ S, then it intersects Q in a curve (5,5)
containing
⋃5
1 Li ∪ (X ∩ Q) ∪ S. Hence a curve (3,2) which contains 12 points
which impose independent conditions on H 0(OQ(3; 2)). It is not possible.
R(n−2; x) implies R(n; x) if x¿ 0, n¿ v(x)+3, and (n; x) =(5; 3): let X be a general
curve in W (x; y(n−2; x)). We want to add y(n; x)−y(n−2; x) 2-secant lines to obtain a
curve in W (x; y(n; x)). We have y(n; x)−y(n−2; x)¿ 3. Let t :=y(n; x)−y(n−2; x)−2.
Case 1: c(n− 2; x)6 t.
Let L1 and L2 general 2-secant lines to X , Q a smooth quadric transversal to X , and
containing L1 and L2. The 2x+2y(n; x)+8 points of X ∩ (Q−L1−L2) are in general
position. We choose t lines Di in the second family of Q such that:
• if 16 i6 c(n− 2; x), Di meets X at a point not lying in the Li;
• if i¿ c(n− 2; x), then Di ∩ X = ∅.
The condition 2x+2y(n− 2; x)+8¿ c(n− 2; x) is satis@ed. Let E= {Di ∩L1; 16 i6
c(n− 2; x)}. Then H 0(IX∪E(n− 2)) = 0. The curve Y = X ∪ L1 ∪ L2
⋃t
i=1 Di ∪ C(E) is
in W (x; y(n; x)).
Case 2: c(n− 2; x)¿t.
Let L1; L2 and L3 be general 2-secant to X , and Q the quadric containing the Li.
The 2x + 2y(n; x) + 6 points of X ∩ (Q −⋃3i=1 Li) are in general position.
Let t′ :=y(n; x)−y(n− 2; x)− 3= t− 1 and q := c(n− 2; x)− t′. We choose t′ lines
in the second family of Q such that:
• if 16 i6 q, Di meets X at a point not lying in the Li;
• if i¿q, then Di ∩ X = ∅.
The condition 2x+2y(n−2; x)+6¿ q is satis@ed. Let E={Di∩L1, 16 i6 t′}∪{Di∩L2,
16 i6 q}. Then H 0(IX∪E(n− 2))=0. The curve Y =X ∪L1 ∪L2 ∪L3
⋃t′
i=1 Di ∪ C(E)
is in W (x; y(n; x)).
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5.4. Proof of Proposition 2.7
We begin by recalling the proposition:
Proposition 2.7. Let d and g be integers such that d − 36 g6 2d − 9; and set
v = v(d; g). Then there exist curves X0 and X1 in W (d; g) such that rX0 (v − 1) is
injective and rX1 (v) is surjective.
Proof. Let x=g−d+3 and y=2d−9−g. Then v= v(x; y) and we want to construct
X0 and X1 in the component W (x; y). We have v¿m(x).
Case 1: v= m(x). Then x = x(v) and y = 0.
(i) If v= 2, i.e. (x; y) = (0; 0), then we apply H(2): the generic curve X0 of W (0; 0)
does not lie in a quadric surface, so it does not lie in a plane. If v¿ 3, consider
(X;Q; L1; L2; L3; S1; S2) satisfying H(v− 1). We add to X x(v)− x(v− 1) 3-secant
lines, beginning with L1 and L2, hence we obtain a smoothable curve X0 in W (x; y)
such that H 0(IX0 (v− 1)) = 0, i.e. rX0 (v− 1) is injective.
(ii) Let (X;Q; L1; L2; L3; S1; S2) satisfying H(v). Then rX (v) is surjective and we can
take X1 = X .
Case 2: v= m(x) + 1. Then y6y(v; x).
(i) Let (X;Q; L1; L2; L3; S1; S2) satisfying H(v−1) with q=0. We add to X x−x(v−1)
3-secant lines (among which L1), and y 2-secant lines, hence we obtain a curve
X0 in W (x; y) such that rX0 (v− 1) is injective. If x= x(v− 1), we deform L1 to a
2-secant line.
(ii) Let (X;Q; L1; L2; L3; S1; S2) satisfying R(v; x). Then rX (v) is surjective. So we re-
move y(v; x) − y 2-secant lines and we obtain a curve X1 in W (x; y) such that
rX1 (v) is surjective.
Case 3: v¿m(x) + 2. Then y¿y(m(x) + 1; x). Let n¿m(x) + 1 be the unique
integer such that y(n; x)¡y6y(n+ 1; x). Then v= n+ 1.
(i) Let (X;Q; L1; L2; L3; S1; S2) satisfying R(n; x). We add y − y(n; x) 2-secant lines
among with L1, and we obtain a curve X0 in W (x; y) such that rX0 (n) is injective.
(ii) Let (X;Q; L1; L2; L3; S1; S2) satisfying R(n+1; x). We remove y(n+1; x)−y 2-secant
lines and we obtain a curve X1 in W (x; y) such that rX1 (n+ 1) is surjective.
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